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Abstract
Boundaries constitute a rich playground for quantum many-body systems because they can lead to novel degrees
of freedom such as protected boundary states in topological phases. Here, we study the groundstate of integer
quantum Hall systems in the presence of boundaries through the reduced density matrix of a spatial region.
We work in the lowest Landau level and choose our region to intersect the boundary at arbitrary angles. The
entanglement entropy (EE) contains a logarithmic contribution coming from the chiral edge modes, and matches
the corresponding conformal field theory prediction. We uncover an additional contribution due to the boundary
corners. We characterize the angle-dependence of this boundary corner term, and compare it to the bulk corner
EE. We further analyze the spatial structure of entanglement via the eigenstates associated with the reduced
density matrix, and construct a spatially-resolved EE. The influence of the physical boundary and the region’s
geometry on the reduced density matrix is thus clarified. Finally, we discuss the implications of our findings
for other topological phases, as well as quantum critical systems such as conformal field theories in 2 spatial
dimensions.
I. INTRODUCTION
Boundaries, or more generally interfaces, lead to novel degrees of freedom. For instance, in gapped topological phases, the
existence of a topological invariant that changes across the interface gives rise to robust boundary modes. In quantum Hall states,
one has chiral one-dimensional edge modes that can be described by an effective Conformal Field Theory (CFT) [1]. In fact,
there is a profound correspondence between the bulk, effectively described by a Chern-Simons topological quantum field theory,
and the CFT living on the boundary [1]. A more microscopic and complete understanding of quantum Hall states can be achieved
by studying model wavefunctions, for example the Laughlin states [2] at filling ν = 1/m, where m is an odd integer. If m > 1,
such a wavefunction describes a strongly correlated fractional quantum Hall (FQH) state with anyon excitations. The price to
pay with model wavefunctions, however, is that one often needs to work numerically with a relatively small number of electrons.
Interestingly, it was observed that the entanglement properties of a quantum Hall groundstate contain detailed information not
only about the anyonic properties [3–6], but also about edge modes [7]. For example, such information can be numerically
extracted using model wavefunctions defined on convenient geometries such as the sphere or torus.
More precisely, one can extract these properties from the reduced density matrix through its entanglement spectrum and
entanglement entropy (EE). Given a partition of the total Hilbert space into a product H = HA ⊗ HAc , the reduced density
matrix of a state ρ is ρA = TrAc ρ = exp(−HA). The entanglement spectrum is the spectrum of the entanglement Hamiltonian
HA, while the von Neumann EE is SA = −TrA ρA ln ρA. A useful choice of partition is to divide space into a subregion A and its
complement Ac . By studying how the reduced density matrix changes as a function of the size, shape or topology of region A
one can learn a great deal about a quantum state. In particular, topological quantum field theory tells us that for the groundstate
of a quantum Hall state on the plane, the EE of a smooth and simply connected region (like a disk) is [3–6]:
SA = β
PA
`c
− γ (1)
The first term is the boundary law, where PA is the perimeter of A, while `c is a short-distance cutoff. When dealing with
electronic wavefunctions, and not their effective quantum field theory, this cutoff will be the magnetic length, `B. In contrast,
−γ, called the topological entanglement entropy (TEE), is universal1. It does not depend on `c nor on the shape of A and
equals − lnD, where D is the total quantum dimension of the topological phase. For a ν = 1/m Laughlin state, D = √m,
which reveals the existence of anyons at m > 1, while it vanishes for the integer quantum Hall state. If we introduce a physical
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1 When dealing with a topological gauge theory such as Chern-Simons, care is needed due to the fact that the Hilbert space does not factorize spatially.
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2boundary or interface, an interesting and natural possibility is to have region A touch the boundary. The EE should then receive
additional geometrical contributions. For one, the boundary of a Hall fluid can be described by a 1 dimensional CFT so one
expects the logarithmic correction proportional to the Virasoro central charge c. This was indeed numerically observed in the
study of specific FQH wavefunctions [8–11]. An additional correction will come due to the presence of boundary corners, i.e.
intersections between the boundary of ∂A (called the entangling surface) and the physical boundary. These intersections will
induce a corner dependent term to the entropy for each corner, −b(θ), where θ is the corner’s angle. The information encoded in
such boundary corners is currently poorly understood, and has scarcely been studied in topological systems. Boundary corners
have been recently studied for the groundstates of quantum critical Hamiltonians such as CFTs in 2 spatial dimensions [12–16].
In that case, b(θ) comes multiplied by a logarithm ln(PA/`c). By studying the behavior of b(θ) near pi/2, it was found that they
encode essential information about the CFT, such as conformal anomaly coefficients, and other central charges related to the
stress tensor [13, 14, 16]. Away from orthogonality, little is understood. In this work, we initiate the geometrical investigation
of boundary corner entanglement in topological phases.
Working with the IQH state at ν = 1, we analyze the reduced density matrix associated with a region that intersects the
boundary. We impose hard-wall boundary conditions (Dirichlet) on the electronic wavefunctions. We first analyze the EE,
and find the expected logarithmic subleading term coming from the chiral edge modes. We extract a central charge c = 1 in
agreement with the CFT prediction. We next study the contribution arising from the boundary corners, b(θ). We find that it
scales the same way as in quantum critical systems when θ → pi/2 and θ → 0. We further examine the relation between the
boundary corner function b(θ), and its counterpart for corners in the bulk, a(θ). In the context of quantum field theories with
boundaries, a relation was recently proposed [16], which in its simplest form is a(2θ) = 2b(θ). We find that a(2θ) ' 2b(θ),
with deviations being the largest at small angles. We push our analysis beyond the EE, by examining the entanglement spectrum
and eigenfunctions associated with the reduced density matrix. The latter allow us to gain insights into the spatial structure of
entanglement, and construct a spatially-resolved EE, S˜A(®r). The influence of the physical boundary and the region’s geometry,
in particular the corners, is thus clarified. We end by discuss ramifications of our results to other topological systems, as well as
quantum critical states.
The paper is organized as follows. In Section II we describe the Hamiltonian and its spectrum. Section III is concerned
with the geometrical dependence of the EE and entanglement spectrum. In particular, we elucidate the edge mode contribution
to the EE, and study the corner contribution b(θ). In Section IV, we study the spatial structure of entanglement by using the
eigenstates associated with the reduced density matrix, as well as a spatially-resolved EE. We conclude and give an outlook for
other topological phases in Section V.
II. SETUP
The single-particle Hamiltonian of a quantum Hall strip periodic in x and open in y, see Fig. 1, is
H =
1
2me
( ®p + e ®A)2, y ∈ [0, Ly] (2)
where me is the effective electronic mass of the 2DEG. When y lies outside [0, Ly], we take the potential to be infinite thus
imposing Dirichlet boundary conditions φ(x, 0) = φ(x, Ly) = 0 on the electronic wavefunctions. Spin is taken to be fully
polarized, and will be omitted from the discussion. Choosing the gauge ®A = (−By, 0) preserves translation invariance along x
and leads to plane wave solutions in the x direction. We can thus decompose the eigenstates of H as φn,k(®r) = eikx fn,k(y), where
k is a wavevector, and n the Landau level index. The wavevectors are quantized due to the x-periodicity, k = 2pil/Lx with l ∈ Z.
The equation for fn,k(y) then reads: (
−∂2y + (k − y)2 − 2meEn(k)
)
fn,k(y) = 0, y ∈ [0, Ly]
fn,k(y) = 0, otherwise
(3)
where we have used the convention e = `B = 1. In the presence of boundaries, the Landau levels acquire a non-trivial dispersion,
En(k). One can now either use the analytical solutions in terms of parabolic cylinder functions (also implies numerically solving
a transcendental equation, see Appendix C for more details), or use a numerical approach involving a discrete Fourier expansion.
We found it more convenient to opt for the latter, which we now discuss.
We shall work in the LLL, so we set n = 0. We can expand f0,k using the complete basis of eigenfunctions of the infinite well:
f0,k(y) =
√
2
Ly
N∑`
=1
b`(k) sin
(
pi`
Ly
y
)
(4)
3Figure 1: Quantum Hall strip with periodic boundary conditions along x, and open or Dirichlet boundary conditions along y.
The y = 0 (bottom) and y = Ly boundaries each host a chiral mode, as indicated by the blue arrows. Our results for the reduced
density matrix (entanglement entropy, spectrum, and eigenstates) are obtained for subregion A; Ac denotes its complement. The
region has 4 corners intersecting the physical boundaries.
where we have truncated the series to the first N terms. We ensure convergence by taking N sufficiently large. This yields the
following discrete eigenvalue problem for the coefficients b` :∑`
′
H``′(k)b`′(k) = 2mE0(k)b`(k) (5)
H``′ =
2
Ly
∫ Ly
0
dy sin
(
pi`
Ly
y
)
Hˆ sin
(
pi`′
Ly
y
)
(6)
with Hˆ = −∂2y + (k − y)2. Plots of the eigenfunctions and energies are presented in Appendix C. Compared to the solutions in
terms of parabolic cylinder functions, we found that the decomposition Eq. 4 reduces the computation time and is thus preferable.
Results concerning convergence of the solutions are presented in Appendix C.
III. ENTANGLEMENT ENTROPY AT ν = 1
In order to obtain the reduced density matrix, ρA = TrAc |GS〉〈GS|, we need to first evaluate the two-point correlator restricted
to region A [17, 18], CA®r,®r′ = C®r,®r′ with ®r, ®r ′ ∈ A:
C®r,®r′ = 〈GS| ψ†(®r)ψ(®r ′) |GS〉 , (7)
where the electron annihilation operator in the LLL is ψ(®r) = ∑k φ0,k(®r)ck ; ck annihilates a fermion with wavevector k. |GS〉 is
the Slater determinant of electrons with filling ν = 1. One then diagonalizes the two-point correlator:∫
A
d2®r ′CA®r,®r′gn(®r ′) = λngn(®r) (8)
where gn(®r) is an eigenfunction with corresponding eigenvalue λn. The EE is obtained via the standard eigenvalue sum:
SA =
∑
m
h(λm), h(x) = −x ln x − (1 − x) ln (1 − x) (9)
The eigenvalues λm and eigenfunctions gn(®r) encode more information than the EE, and will be studied in detail below. In
dealing with Eq. (8), it is simpler to work in the discrete basis of k-modes. One then needs to find the eigenvalues of the
finite-dimensional matrix [19, 20]:
Flm =
∫
A
d2®r φ∗0,km (®r)φ0,kl (®r), (10)
where the number of wavevectors is given by the integer part of LxLy/(2pi). Eq. (10) is nothing else but the inner product between
the kl and km states restricted to subregion A. So if A is taken to be the entire system, F becomes the identity matrix and all the
eigenvalues become unity, as expected since in that case the EE must vanish.
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Figure 2: a) Convergence of the entanglement entropy on a strip with open boundary conditions at y = 0, Ly . The oscillations
have a period of 2pi/Ly . The curve identified by 1 represent the highest possible value of the entanglement entropy in a
complete cycle, the curve identified by 2 is the lowest. Both curves converges to the same value 5.822 when Lx →∞. b)
Convergence of the entanglement entropy on a torus (periodic boundary conditions in both x and y). The following parameters
have been used for both panels: Ly = 4pi, lA = 20, θ = pi/2
A. Edge modes
The presence of gapless chiral modes on each boundary (see Fig. 1) makes the analysis of the EE more involved compared to
boundary-less geometries. First, the convergence of the EE requires larger system sizes compared to the torus, as can be seen in
Fig. 2. In both panels, we keep Ly and lA fixed for θ = pi/2, and increase Lx . The low energy modes arising from the boundary
lead to much slower convergence to the asymptotic Lx = ∞ EE, represented by the dashed line in the top panel of Fig. 2. In the
bottom panel, we show the convergence for the torus geometry with a region A of the same size, and there the EE converges to its
asymptotic value after only a few magnetic lengths. As a second new feature compared to the torus, we observe oscillations of
the EE when increasing Lx , clearly shown in the inset of the top panel of Fig. 2. The oscillations have period 2pi/Ly and can be
understood as follows. One has to fill bLxLy/(2pi)c modes to obtain the ν = 1 groundstate. Consider now that LxLy/(2pi) is an
integer. If we then progressively increase Lx (keeping Ly fixed), the number of filled k-modes remains constant. However, the
spacing between the modes, 2pi/Lx , decreases. Due to the confining potential, this means that the occupied modes move away
from the boundaries to lower the system’s energy. The edge modes become slightly more “bulk-like”, and are thus less effective
at contributing to the entanglement between A and its complement. This explains the progressive reduction of the EE within
one oscillation period. Once LxLy/(2pi) reaches the next integer, as Lx increases by 2pi/Ly , a new mode maximally close to the
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Figure 3: Entanglement entropy per mode S˜A(kl) for θ = pi/4, Lx = 200, lA = 20, Ly = 6pi. S˜A(kl) becomes maximal for modes
located near the boundaries.
boundary is added and the EE jumps back up. The cycle repeats itself with a reduced oscillation amplitude as Lx grows larger
since such finite size effects become less important as the thermodynamic limit is approached.
In order to provide a more quantitative perspective on the above discussion, we can determine the contribution of the mode
with wavevector kl to the EE, which we call S˜A(kl):
S˜A(kl) =
∑
m
h(λm)|Vm,l |2 (11)
SA =
∑
kl
S˜A(kl) (12)
where ®Vm is the normalized eigenvector associated with the eigenvalue λm of the correlator CA®r,®r′ : gm(®r) =
∑
kl Vm,lφ0,kl (®r). If
one sums the entropy-per-mode over all the modes of the LLL, one recovers the full EE, Eq. (12). In Fig. 3, we clearly see that
S˜A(kl) is maximal for modes located near the boundaries of the strip. Such propagating modes naturally play an important role
in mediating entanglement between A and its complement. In contrast, for a mode deep in the bulk, S˜A(kl) is much smaller as
expected. However, in the thermodynamic limit the number of such bulk modes diverges (see the wide plateau in Fig. 3), and
they dominate the EE through the area law contribution.
B. Area law and subleading logarithm
Using the methods described in Section III and taking the limit Lx → ∞ (see Fig. 11 for more details), one can extract the
area law by keeping lA and θ constant while changing Ly:
SA = β
PA
`B
+ · · · , (13)
where the perimeter of the region is PA = 2Ly/sin θ, and the ellipsis denote terms subleading as `B → 0. Note that we
have reinstated `B. We numerically determined the area law coefficient to be β = 0.203291 ± 10−6, which agrees up to 6
digits with previous computations for the ν = 1 state on a geometry without physical boundaries, such as the torus [19]. In
the thermodynamic limit, β is given by an integral involving the error function [19, 20], and can be evaluated with arbitrary
precision: βthermo ' 0.20329081323.
By computing the EE for different values of lA while keeping Ly and θ fixed, we obtain the following dependence, as shown
in Fig. 4:
SA = β
PA
`B
+ 2 × c
6
ln
(
Lx
pi`B
sin
(
pilA
Lx
))
+ C ′ (14)
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Figure 4: Numerical results for the entanglement entropy SA (red dots) and the 2nd Rényi entropy SA,2 (blue dots) as a function
of lA/Lx for θ = pi/2, Lx = 150, Ly = 6pi. The solid black lines correspond to the 1-dimensional conformal field predictions
with central charge c = 1.
where we have again reinstated the magnetic length `B. In Fig. 4, the black curve corresponds to c = 1. The logarithmic term,
which is subleading as we take `B → 0, holds when lA  `B and does not depend on θ or Ly . It correspond to the celebrated
expression for the EE of a segment in a non-chiral CFT defined on a circle of length Lx , with periodic boundary conditions [21].
The central charge that we find, c = 1, corresponds to a free Dirac fermion CFT as expected from the boundary modes of the
ν = 1 integer quantum Hall state. One can also bosonize the fermionic CFT to get a non-chiral Luttinger liquid. The edge-mode
contribution to the EE can be decomposed into a contribution coming from each boundary, which hosts a chiral mode. This
explains why we explicitly wrote a factor of 2 in front of the logarithm in Eq. (14). Such a subleading logarithmic term in
EE in two spatial dimensions was previously observed in the numerical study of FQH states with various interfaces [8–11].
Interestingly, it was also obtained in gapless systems with a zero mode, such as free boson or Dirac fermion CFTs in two spatial
dimensions with periodic boundary conditions [22].
C. Corner entanglement
We can now examine the contributions that arise from corners in the entangling region. Indeed, we see from Fig. 1 that
the entangling surface ∂A intersects the physical boundary four times, yielding two corners with angle θ, and two others with
complementary angle pi − θ. Such boundary corners will contribute a constant to the EE (C ′ in Eq. (14)), analogously to what
happens with corners in the bulk:
SA = β
PA
`B
+
c
3
ln
(
Lx
pi`B
sin
(
pilA
Lx
))
−
4∑
i=1
b(θi) + · · · (15)
where the sum is over all the boundary corners of A. The terms denoted by the ellipsis include contributions that vanish as
`B → 0, as well as a non-vanishing term that is angle-independent. We define our b(θ) such that b(pi/2) = 0, i.e. perpendicular
corners do not contribute to b(θ). This ambiguity does not occur for bulk corners. Indeed, for a region that is far from physical
boundaries (if any), the EE in the presence of a bulk corner is SA = βPA/`B − a(θ), where θ is the corner’s opening angle. For
integer quantum Hall states, one immediately finds that a(pi) = 0 vanishes when the corner disappears [20].
The boundary corner function satisfies b(θ) = b(pi − θ) since for a pure state SA = SAc . As such, we only need to study b(θ)
for 0 < θ ≤ pi/2. For our parallelogram geometry (Fig. 1), we thus have
4∑
i=1
b(θi) = 4b(θ) (16)
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Figure 5: a) Boundary corner function b(θ) for angles ranging from 2◦ to 90◦. The red curve shows the fit for angles near pi/2,
Eq. (17), and the green curve shows the 1/θ fit at small angles. b) Comparison of 2b(θ) to the bulk corner function a(2θ).
Calculations performed with the following parameters: Lx →∞, lA = 20 and the two values of Ly being respectively 4pi and 6pi.
By varying θ we can numerically determine the boundary corner function. The result is shown in the left panel of Fig. 5. We
see that it is positive and monotonically decreasing on (0, pi/2]. In addition, it has a divergence as the angle vanishes, and goes
to zero in the opposite limit, b(pi/2) = 0.
We now analyze the behavior of b(θ)more closely. First, we expect b(θ) to be analytic near pi/2 since nothing singular happens
with region A as pi/2 is crossed. In addition, the reflection symmetry of b(θ) about pi/2 can be used to conclude that only even
powers of (θ − pi/2) appear:
b(θ) = σ ·
(
θ − pi
2
)2
+ σ˜ ·
(
θ − pi
2
)4
+O
((
θ − pi
2
)6)
(17)
The red line in the left panel of Fig.5 is a fit to the above expression, which shows that the boundary corner function indeed obeys
Eq. (17) near pi/2; the inset shows the region near pi/2 in more detail. The corresponding coefficients σ and σ˜ are shown in
Table I.
In the opposite limit of small angles, we expect the 1/θ divergence seen in other systems such as CFTs in two spatial
dimensions [14–16]
b(θ → 0) = κ
θ
(18)
The corresponding fit is shown in green in the left panel of Fig. 5. It perfectly matches the data as θ → 0. The sharp-limit
coefficient κ is given in Table I.
It was recently found [16] that the boundary corner function b(θ) is related to the bulk corner function a(θ) in various 2d
quantum systems. More precisely, for certain quantum field theories (not necessarily relativistic) and boundary conditions, it
was found that [16]
2b(θ) = a(2θ). (19)
Examples include scalar and Dirac fermion CFTs, certain CFTs with holographic duals [14], and a gapless Lifshitz theory with
dynamical exponent z=2. Since a(θ) is known numerically for the ν = 1 groundstate [20], we can verify if Eq. (19) holds. The
right panel of Fig. 5 shows the ratio a(2θ)/(2b(θ)). At large angles it is near 1.04, while it goes to 0.76 at small angles. We thus
see that the simple relation between b(θ) and a(θ) is not obeyed for the ν = 1 integer quantum Hall state with Dirichlet boundary
condition. However, the ratio is near unity for a wide range of angles, and equals 1 for a unique angle near 3pi/8. It would be
of interest to understand why the previously observed bulk-boundary correspondence for the corner term is almost obeyed. One
possibility is that a more general form of the bulk-boundary relation is obeyed [16]: a(2θ) = bB(θ) + bB′(θ), where B and B ′
correspond to different boundary conditions. If B is taken to be Dirichlet, it remains to be seen if there exist a partner boundary
condition B ′ so that the generalized bulk-boundary relation is obeyed.
8Estimate Error
κ 0.0886 0.0004
σ 0.0543 0.0002
σ˜ 0.0278 0.0006
Table I: Numerical values and uncertainties of the fitting parameters in the θ → 0 and θ → pi/2 limits of b(θ).
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Figure 6: Rényi corner function, θbα(θ), for angles ranging from 2◦ to 90◦ computed for different values of the Rényi index α.
Calculations are performed in the limit Lx →∞ with lA = 20 and the two values of Ly being respectively 4pi and 6pi.
1. Rényi entropies
We now study the Rényi entanglement entropies:
SA,α =
1
1 − α ln Tr
(
ραA
)
, (20)
which reduce to the von Neumann EE as the Rényi index approaches unity, α→ 1. We find that the prefactor of the edge-mode
contribution c3 in Eq. (14) is replaced by
c
6 (1+α), which is the expected result for a CFT in 1 spatial dimension [23]. Fig. 4 shows
the corresponding fit for α = 2. Next, let us investigate the Rényi dependence of the corner function bα(θ). Fig. 6 shows θ bα(θ)
for different values of the Rényi index. This way of plotting makes the 1/θ divergence of b manifest. We observe that bα(θ)
decreases monotonically with increasing α. This was also observed to be the case for CFTs in 2 spatial dimensions with Dirichlet
or mixed boundary conditions [16]. For the free scalar CFT in 2 spatial dimensions with Neumann boundary conditions, it is
|bα(θ)| that decreases with increasing α. We further find that the dependence on the index α cannot be separated from the angle
dependence, just as for many gapless 2d systems with [16] and without [24] boundaries. Indeed, we find that the ratio b1/b2
takes the following values at selected angles:
b1(45◦)
b2(45◦) = 1.365 ,
b1(60◦)
b2(60◦) = 1.369 ,
b1(80◦)
b2(80◦) = 1.372 , (21)
We see that the ratio is not constant as a function of θ, but it does not change much. Interestingly, the ratio is not too far from
what we would get if bα(θ) = (1 + 1α ) f (θ), which is a guess based on the Rényi dependence for CFTs in 1 spatial dimension.
This naive guess gives a ratio equal to 4/3 independently of the angle, not too far off from what we observe. Similar behavior is
obtained for the free scalar CFT with Dirichlet boundary condition in 2 spatial dimensions [15, 16], where the ratio is near 4/3
but slightly above, and also varies with the angle.
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Figure 7: Spectrum of the two-points correlator for different values of θ with Lx = 150, Ly = 4pi, lA = 20.
D. Entanglement spectrum
We now examine the eigenvalues λn of the two-point spatial correlator CA®r,®r′ , which are directly related to the single-particle
entanglement spectrum through λ = n f (), where  is the corresponding pseudo-energy. We note that since the entangling region
breaks spatial translations in both directions, we cannot use momentum to label the eigenvalues.
The numerically determined spectrum is shown in Fig. 7 for different values of θ. The dominant eigenvalues are around
λ = 1/2 since they contribute the most to the EE. We see that the spectrum gets progressively flatter in the middle region as the
angle decreases, meaning that more eigenvalues become important for the reduced density matrix. The other parameters modify
the spectrum in a relatively predictable way. Increasing the value of Ly increases the density of points along the spectrum.
Increasing Lx leads to more points in the region where λ ' 0 without changing the density of points. Finally, changing lA changes
the position of the sloping part. For example, taking lA to be Lx/2 leads to a symmetric spectrum.
IV. SPATIAL DISTRIBUTION OF ENTANGLEMENT
We now turn to the eigenfunctions of the two point correlator, gn(®r), which are closely related to the entanglement Hamiltonian.
In fact, they can help us “see” where does the entanglement between A and Ac come from. Let us focus on the eigenfunction
corresponding to the eigenvalue that contributes the most to the EE, λm = 1/2, or the one nearest to 1/2. In Fig. 8, we show its
norm squared, |gm(®r)|2. It has largest norm along the entangling surface separating A from its complement. In addition, it has
global maxima located near the 4 corners. Further, we see a finite weight along the physical boundaries, arising from the chiral
edge modes.
We can use the eigenfunctions to define the following quantity (see Refs. [25–27]):
S˜A(®r) =
∑
n
h(λn)
gn(®r)2 (22)
which, when integrated, gives the total EE, SA. As such, S˜A(®r) measures how the EE is spatially distributed. In Fig. 9, we show
S˜A(®r) for a particular geometry. Not surprisingly we see that it follows the dependence of |gn |2 shown in Fig. 8. We clearly see
that the EE is dominated the contributions across the boundary between A and its complement. The contributions from the chiral
edge modes and the corners can also be seen.
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Figure 8: Contour-plot of the eigenvector obtained by diagonalization of the two point correlator for λm ' 0.5. The black
dashed lines are the boundary between A and Ac . Ly = 6pi, lA = 20, Lx = 200, θ = 45◦.
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Figure 9: Spatial distribution of the entanglement entropy, S˜A(®r). The black dashed lines are aligned with the entangling
surface, ∂A. The following parameters have been used: Ly = 6pi, lA = 20, Lx = 200, θ = 15◦.
V. CONCLUSIONS & OUTLOOK
We have studied the groundstate of the IQH system at ν = 1 in the presence of hard-wall boundaries through the reduced
density matrix of a spatial region. The region that was studied is a parallelogram that intersects the physical boundary, leading
to 4 corners. We found that the EE contains a logarithmic contribution coming from the chiral edge modes, and matches the
1d CFT prediction, Eq. (14). We uncovered an additional contribution to the EE that arises due to to the 4 boundary corners,
−4b(θ). We characterized the angle-dependence of b(θ), and compared it to the bulk corner EE. We found that the relation
Eq. (19) observed in numerous quantum critical states, is almost obeyed, but deviations do appear. We further analyzed the spatial
structure of entanglement via the eigenstates associated with the reduced density matrix, and constructed a spatially-resolved
EE. The influence of the physical boundary and the region’s geometry on the reduced density matrix was clarified, as shown in
Figs. 8-9.
It would be of interest to study these geometrical aspects of entanglement in FQH states, and in more general topological
phases. For one, we expect the logarithmic term in the EE arising from the edge modes to appear whenever protected gapless
modes are present. As a simple example, it would be present in a 2d quantum spin Hall insulator, which has protected counter-
propagating edge modes on each boundary. The subleading logarithmic term was previously observed in the numerical study of
FQH states with various interfaces [8–11]. In addition, it would be of interest to understand what physical information is encoded
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in angle-dependence of b(θ), and analyze it for other topological states. In CFTs in 2 spatial dimensions, it was shown that
the function b(θ) contains important information such as certain conformal anomaly coefficients as well as stress tensor central
charges [13, 14, 16].
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Appendix A: Entanglement entropy per mode
The entanglement entropy for our IQH state takes the following form:
SA = Tr
(
h(P−1FP)
)
(A1)
where Flm is the two-point correlator expressed in mode space, Eq. (10), and P is the matrix that diagonalizes F. By cyclicity of
the trace, Eq. (A1) is equivalent to
SA = Tr
(
Ph(P−1FP)P−1
)
(A2)
The matrix inside the trace takes the following form:
Ph(P−1FP)P−1 =

∑
m h(λm)Vm,1V∗m,1 ∗ . . . ∗
∗ ∑m h(λm)Vm,2V∗m,2 ∗ ...
... ∗ . . . ∗
∗ . . . ∗ ∑m h(λm)Vm,n0V∗m,n0

(A3)
where ®Vm is an eigenvector of F associated with eigenvalue λm; Vm,l is its l-th component. We have denoted the number of
electrons by n0 = bLxLy/2pic. Thus, the EE per mode S˜A(kl) is given by the l-th diagonal element of the matrix in Eq. (A3). It
is plotted in Fig. 3.
Appendix B: Convergence
1. Convergence of Fourier expansion
Because we are using numerical approximations of the wavefunctions by means of a truncated Fourier decomposition, we
need to ensure that the number of Fourier modes used, N , is sufficiently large. In Fig. 10, we show the EE as a function of N
for different values of θ. For all tested angles, the error becomes negligible when the number of modes roughly equals 2Ly for
values of Ly smaller than 6pi.
To further confirm the convergence, the difference between our Fourier expansion and the exact solution was computed, which
yielded a difference less than 10−9 for every point of the wavefunction, independently of the wavevector kl .
2. Convergence with Lx
The chiral modes induced by the physical boundaries lead to larger values of Lx needed to ensure convergence compared to
the torus geometry, as shown in Fig. 2. Furthermore, increasing Lx produces oscillations of the EE with a period of 2pi/Ly as
discussed in Section III A. Thus, if one wants to extrapolate the value of the EE to Lx → ∞, it is simplest to use values of Lx
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Figure 10: Plot of SA as a function of N/Ly for θ = 90◦, 20◦, 2◦. Calculation performed with the following parameters :
Ly = 6pi, Lx = 200, lA = 40
Estimate Standard Error
ζ −1.2267 3 × 10−4
S¯ 4.825240 2 × 10−6
Table II: Value and error of parameters in the function used for the fit of the entanglement entropy with Ly = 4pi, lA = 20.
with spacing that corresponds to a multiple of the period. The EE obtained in the limit Lx → ∞ should be independent of the
starting point (one could decide to start at any point in a cycle), as we have numerically confirmed.
In order to perform the Lx →∞ extrapolation, we have used the function:
1
3
ln
(
Lx
pi`B
sin (pilA
Lx
)
)
+
ζ
Lx
+ S¯ (B1)
The first term is the EE of a 1d CFT describing the edge mode contribution (with `B reinstated). We then added a ζ/Lx term. S¯
is the Lx = ∞ asymptotic EE for given Ly, θ. An example of the corresponding fit is shown on Fig. 11.
3. Small angles
All the results presented in this paper are given for a region A (see Fig. 1) for which lA, Lx and Ly are much larger than the
magnetic length `B, which was fixed to 1 in this paper. If the dimensions of A were to be smaller than the magnetic length, our
prescription for the the area law would not hold. Now, when the angle θ becomes very small, the edges of the parallelogram A
could become too close to each other. We found that imposing lA tan(θ)  `B ensures that the EE behaves as expected.
13
Fit
Numerics
40 60 80 100 120 140
5.68
5.70
5.72
5.74
5.76
5.78
5.80
5.82
Lx
S
A
Figure 11: Fit of entanglement entropy as a function of Lx with Ly = 4pi, lA = 20, θ = pi/2.
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Figure 12: The left panel shows the wavefunction f0,k(y), y ∈ [0, Ly = 10] for different values of k. The right panel shows the
energy of the first 4 Landau levels normalized by ωB = eB/me. The red dashed line indicates the energy at the edges of the LLL
which is the same as the energy of the plateau of n = 1 LL.
Appendix C: Exact solution
Solving exactly the Schrödinger equation (3) yields the following wavefunction in the y-direction (up to an overall normaliza-
tion):
fn,k(y) = D −En−1
2
(
i
√
2(y − k)
)
−
D −En−1
2
(
−i√2k
)
D En−1
2
(√
2(y − k)
)
D En−1
2
(
−√2k
) (C1)
with
D En−1
2
(
−
√
2k
)
D −En−1
2
(
i
(√
2Ly −
√
2k
))
− D −En−1
2
(
−i
√
2k
)
D En−1
2
(√
2Ly −
√
2k
)
= 0 (C2)
The energy En(k) is obtained by numerically solving Eq. (C2) for a given wavevector k. The function Dν(z) is called the parabolic
cylinder function and can be related to the hypergeometric function 1F1:
Dν(z) = 1√
pi
2ν/2e−z
2/4
(
cos
( piν
2
)
Γ
(
ν + 1
2
)
1F1
(−ν
2
;
1
2
;
z2
2
)
+
√
2z sin
( piν
2
)
Γ
( ν
2
+ 1
)
1F1
(
1
2
− ν
2
;
3
2
;
z2
2
))
(C3)
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with
1F1(a; b; z) =
∞∑
n=0
(a)n
(b)n
zn
n!
; (x)n = x(x + 1)(x + 2) · · · (x + n − 1) (C4)
The solutions are shown in Fig. 12.
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